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Boosting

Boosting

Boosting is one of the most powerful methods in machine
learning. The method is based on an additive model of the form
fb(x) =

M
∑

βm b(x, θm ),

m=1

where βm , m = 1, . . . , M are expansion coefficients, and b(x, ·) is
a simple fixed function of the input x characterised by parameters
θm .
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Boosting
Additive basis expansion model:
fb(x) =

M
∑

βm b(x; θm )

m=1

•

In boosting, each function b(x, θm ) is a weak learner, in the
sense that it is only weakly correlated with the response
(regression) or slightly better than random guessing
(classification).

•

Boosting sequentially and adaptively combines a large number
of weak learners towards a final model fb(x), which a strong
learner.
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Boosting regression trees

In the regression setting, one option is to use regression trees as
basis functions (the weak learners), leading to the model
f (x) =

M
∑

T (x; θm ),

m=1

where T (·; θm ) are regression trees with a fixed number of splits
and θm the parameters of the tree (the split variables, split points,
and predictions at the terminal nodes).
How can we fit this model for a large number of trees M ?
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Boosting regression trees (key concept)
Algorithm Boosting for regression trees
1: Set the number of trees M , the maximum depth d of each tree, and the
shrinkage parameter ν.
2: Initialise fb(x) = 0 and ri = yi for all the training set.
3: for m = 1 to M do
4:

Fit a tree Tm of depth d to the training data {ri , xi }N
i=1 .

5:

Update the regression function fb(·) by adding in a shrunken version of
the new tree,
fb(x) ← fb(x) + νTm (x)

6:

Update the residuals,
ri ← ri − ν Tm (x).

7: end for
8: Output the boosted model,
fb(x) =

M
∑
m=1

ν Tm (x).
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Tuning parameters

•

Number of trees (M ): more trees lead to higher complexity
and better fit to the training data. However, boosting is
typically slow to overfit the data as we increase M .

•

Learning rate (ν): a lower ν shrinks each tree and slows down
the learning process. Smaller values of λ lead to large values
of M for the same training error, so that there is a trade-off.
Typically ν < 0.1 leads to the best test performance.

•

Depth (d): a higher d leads a higher interaction order, and
therefore controls the complexity of the model.
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Forward Stagewise Additive
Modelling

Forward stagewise additive modelling (key concept)

Boosting is based on forward stagewise additive modelling,
which we now consider in a more general setting.
•

In the example of boosting regression trees, we sequentially
added new small trees without adjusting the split variables
and parameters of the trees that had already been added.

•

At each step, we simply fit the residuals of the current model,
improving the overall fit.
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Forward stagewise additive modelling

Starting from the additive expansion model
f (x) =

M
∑

βm b(x; θm ),

m=1

we want solve the empirical risk minimisation problem
min

N
∑

{βm ,θm }M
m=1 i=1

(

L yi ,

M
∑

)

βm b(x; θm ) .

m=1

The optimisation involves a large number of parameters and is in
general computationally infeasible.
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Forward stagewise additive modelling

Empirical risk minimisation for the additive expansion model:
min
β,θ

N
∑
i=1

(

L yi ,

M
∑

)

βm b(x; θm ) .

m=1

Forward stagewise additive modelling approximates the solution by
adding one new term at time, and solving the subproblem of fitting
only a single basis function b(x; θm ).
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Forward stagewise additive modelling
Algorithm Forward stagewise additive modelling
1: Initialise f (x) = 0.
2: for m = 1 to M do
3:

Compute
b θb = argmin
β,
β,θ

4:

N
∑
(
)
L yi , fm−1 (xi ) + βb(xi ; θ) .
i=1

Set
fm (x) = fm−1 (x) + νbm (x).

5: end for
6: The estimated model is fM (x).
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Gradient boosting

Gradient boosting

At each step in the forward stagewise procedure for boosting trees,
we must solve
min
θm

N
∑
(

)

L yi , fm−1 (xi ) + T (xi ; θm ) .

i=1

That requires us to find regions and constants {Rjm , γjm }J1 m for
the tree T (xi ; θm ), given the current model fm−1 (xi ).
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Gradient boosting
•

Forward stagewise minimisation subproblem:
min
θ

•

N
∑
(
i=1

Given regions Rjm defined by the tree, finding optimal
constants is typically straightforward by solving
γjm = argmin
γ

•

)

L yi , fm−1 (xi ) + T (xi ; θ) .

∑

L(yi , fm−1 (xi ) + γ).

xi ∈Rjm

However, finding the regions to solve the overall minimisation
problem is computationally infeasible for general loss
functions.
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Gradient boosting
Forward stagewise minimisation subproblem:
min
θ

N
∑
(

)

L yi , fm−1 (xi ) + T (xi ; θ) .

i=1

•

Gradient boosting simplifies the minimisation problem, leading
to an approximate solution.

•

The next slide shows the generic gradient boosting algorithm
for regression. The version for classification is similar.

•

For the squared error loss, the resulting algorithm is equivalent
to the least squares boosting algorithm from the beginning of
the module.
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Gradient tree boosting
Algorithm Gradient tree boosting
1: Initialise fb0 (x) = argmin
γ

∑N

i=1

L(yi , γ).

2: for m = 1 to M do
3:

(a) For i = 1, . . . , N compute

[

rim
4:
5:

(b) Fit a regression tree to the targets rim , giving terminal regions Rjm ,
j = 1, 2, . . . , Jm .
(c) For j = 1, . . . , Jm compute
γjm = argmin
γ

6:

]

∂L(yi , f (xi ))
=−
.
∂f (xi )

∑

L(yi , fm−1 (xi ) + γ).

xi ∈Rjm

(d) Update fm (x) = fm−1 (x) + ν
shrinkage parameter.
7: end for

∑Jm
j=1

8: Output the boosted model f (x) = fM (x).

γjm I(x∈ Rjm ), where ν is the
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Gradient Boosting: Extensions

•

In stochastic gradient boosting, we subsample the training
data before fitting each weak learner. This modification may
reduce variance.

•

Regularisation, better for controlling the complexity of the
gradient boosting ensemble.
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Summary: advantages of tree-based methods

•

Natural handling of mixed data types.

•

Handling of missing values.

•

Robustness to outliers in the predictor space.

•

Insensitive to monotone transformations of inputs.

•

Computational scalability.

•

Ability to handle irrelevant inputs.

17/17

